
 

Manifolds Lecture 9 13 part 2

Chapters Multilinearalgebra

9 A Tensor product
Let V and W be two finite dim vectorspaces over R

Definition A puretensor or decomposed tensor is an elementofthe form
V W where v E V

f we W

tensorproduct is just a notation

A tensor is a linear combination of decomposed tensors

I dig Y Wj finite sum

Rules b v t da vz W d Cvn w t da v W

v diwir t dawz di r w t da r E

We have an obvious vectorspace structure on the set of tensors
by using these rules

on wa t Vz we

V Wn t V Wz V w t wa

X v w do we v law

Definition the vector spaceof tensors over F and w
is denoted V W and called tensorproduct of vector spaces



Proposition If Ce a ie m is a basis of V

dj nsj.am
is a basisof

Then ei e'g nei.cm is a basis of W
rejoin

core dim r WI din r din w

More generally if vector spaces Vr TN
we can define the tensor product tax 5N
it has basis kin e'iz

Concrete definition

Proposition W e ULI r W R

Pspace
of multilinear maps

f T x W R
v w l f v w

Proof
j bij Y Up re VxW IR

m n
ra wa p

vivo Idij4ilv 4jCw

Consequence r We ML Va x Wa R

fkn was



Proposition V W L v w

V IR e v

IT Vu Vz Vr Kolb

9 2 Tensor algebra covariant tensors contravariant tensors

Definition Tk V rxo n.no
K times

1 k ra r T e ML rxrx V R
k times

too
1 v Tk r tensor algebra of rk o

This is an algebra Vz vs 54005 Vn vu b V

in in
1 V 13 V TE r

An element of 1 v is called a purely contravariant tensor over

1 VA is called a purely covariant tensor over r

9 3 Symmetric and alternating tensors

Now we look at T M algebra of multilinear forms on it



Remark if L E Tk Va if 6E 8h
symmetricgroupof Kelementhen we can define 6 x by permutingthe entries of a

example in 4 4 E T2 VA 6 1,2 C

transposition
6 A 4 4

More generally if 2 Eth Va x ML V x r R

o x Vi Vk L Voci Vock

definition x is symmetric if 6 x in for all OE 8
is antisymmetric or alternating if 6 sign a

V 6E k

Definition The symmetrization of is

Sgmla II 6 a
k OE 8k

The anti symmetrization of is

Aletta 1 I sign6 6 a
Te OE 8k

inflifferentialgeometry



Def The symmetric product of two tensors is
2 p Sym a p

The wedge product of two tensors is
a xp All faxop

Prop SCH co is an algebra

spateofsymmetrictensors

Ala a is an algebra
is
spaceof antisymmetric tensors

Def HC ra is called the exterior algebra of r
too

Alr D to Nlra
k o

antisymmetricmultilinear forms V Vx V R
also called k corrector

example let Rw

det Tx Tx V IR is an element of N M
i e it's a n corrector

Proposition dim Ak Vt kn n din V
k n k l

0 if k w

n

Cory 1 Va to Ak V where n dim V
K o



exampleof wedge product L p E V N V

Lap E A V e MLC Tx r IR

Lnp Vn rz Alt x B vi re

p a union

Mrn v2 PConlawz
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