
 

Manifolds Lecture2113

Examples Rm topo manifoldof dime in
a U E Rm

More generally M topological manifold of dimension on
themany open subsetof M is a

In particular theconnectedcomponents of Eng manifold are
manifoldsof the same dime

EeI
surface connected 2 dimensional topologicalmanifold

Let f I CR R be a continuousfunction
T 4Cag E R I y flat E R graph
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T is a topological manifoldof dimension 1

Proof Weonly use onechart U i f
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Need to show U is a homeo Clearly l is injective andcontinuous

Continuous inverse I s P
se s a floe tea

More generally f r C Rm IR continuous

Its graph 17 Ca y E Rn x Rn y flat is a m dimensional
submanifold of R
T is called a parametrized submanifold and f is called a parametrization

Productmanifolds

Proposition If Hr is a topological manifold ma then
He mz

Mr Mz Mr t.mn

example Mn S

Mz IR
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example S S T is calledthe torus submanifoldof R

TW S S x S m manifold

m copies



Connected sums

Ma and Ma M Mr W Mz gluing
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Quotient manifolds by group achons

Definition let G be a group acting on a topologicalspace X

Theaction is called faithful t.geG ta g a x g e

Theaction is called free Vg te CGV nexg.se a

The action is called an actionbyhomeos if VgEG I g
is a homeo

The action is called property discontinuous

V KE X g K n k 0 for all but finitelymany g EGcompact
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Remark Herc X is assumed Hausdorff and locally compact
e.g X is a topo manifold

let G he a group ading
obit top manifold M

If theaction is free and properly discontinuous then
Mlb is a manifold and T M MIG is a local homeo

example R Z S l 2 acts freely and properlydiscontinuously
or R

Im E Rm Rm acts freely andproperlydiscontinuously
On Rm
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Coveringmaps algebraic topology

Proofof theoremabove

show that if gGroup G
space

is a free andwww.ngnactionbyhome
1then it X XIG is a local horned theex 3 Usa LgEG guru40

is finite
2 Show that if Group C X is a properly discontinuousactionbyhomeosthen X G is Hausdorff
3 Conclude
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1 4 Topologicalmanifoldswithboundary

Let Him be the closed upper half space in Rw
Hm f se E Rm I tem 70 Boundary

point

Def A topological manifold with boundary is a Topospace X s t

1 X Hausdorff and second countable
G X is locally homeo to Hw

examples Hm

Any manifold without boundary is a manifoldwith boundary
with empty boundary

x EM is called a boundary point if there exists a chart
U 14 such that 4cal is a boundary point of AnG

4 U r
n n
M HN

The boundaryof M is DM 4boundarypoints

exercise OM is a topological manifold without boundary

1 5 Paracompactness and partitionsofunity

Proposition A manifold is always Hausdorff and locally compact

Definition A locally compact Hausdorff space X



is called 6 compact if it is a countable union ofcompactset
admits an exhaustion by compactsets if there exists

kn new sequenceof compact sets kn E int Kriti

example Rm U kn kn B o n

lemma Any second countable locally compact Hausdorffspaceadmits an exhaustion by compact sets

Definition A topo space X is called paracompact if any open cover

of X admits a locally finite refinement

o Open cover X U Ui
iC I

Refinement X U Vj Fj Fi Tj EllijEJ

locally finite the EX 7 Uaa such that U meets finitely
open many Ui S

Theorem A second countable locallyaHausdorff Topo space X
is always paracompact

compact

example Topologicalmanifolds with or withoutboundary


