
 

Manifolds Lecture 12113

Chapter M Differential forms

in 3 The exterior derivative

theorem M smoothmanifold
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Ii On T CH R Mik 1
we have seen that

d is the differential of a function if fee M R
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Iii For any 2E Rk Mik PED M R

al Lap da a p t C 1 ka a dp Leibniz
rule
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Remarky
Definition d is the exterior derivative if one SECHIR

Life e MiR

Proof Uniqueness Lap f p
let aertCM R
Let Csi nm be local coordinates



L can be written in I din it da n adaik
127

Claim da mustbe 2 dKin ik ada a adrik i

By the Leibniz rule

d f die a adaik dfa daina adaik C i fd daina adaik
must be 0

By Civ1 d docile 0

By Leibnizrule d drina adaik O
induction

Existence expression in red tells me how to define da
in local coordinates

t check consistencywhen changingcoordinates

Now we need to check Cil Cii Ciii iv

i Cii trivial
iii Leibniz rule straightforward computation
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Want to prove d da o

da If a dam a a doeik



d da d df a daina adnik Leibniz ruled
to conclude let us show that dld f o
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Example M R Ca y z

7 X A da t B dy t C Iz A Ee Te R
e

da DA a da t dBady dc adz

da 0 dnt dy tff dz
da A da t dyA dy ta A dz

da a da yA a t Oza dz doe

dBady
donde

old Oa B OyA daddy t Oya AB dyadz curl

Oz A Oac dza da E se

p P Dandy t Q dyndz Rdzada

dp DP adaady t dQadyndz t dRadzada

AP doeQ t Dyk da dy dz
divergence

Exercise sheet



Further properties

Naturality f i M N

fa da d fix ta Erik Nik

Invariant formula using the tie bracket see Lee or

Lafontaine

example for k I

E r M R

da E R2 M R is characterized by V X X E T TM

da x Y X LCH t X x x L Ex x

Cartan's magic formula
Lx ix od t do i

Ha Erk Milk
E nCTM Lx ix da t d ie

Cer Lx o d do Lx



M 4 De Rham cohomology

Definition x E 52k M R

x is closed if old o a E Ker d
L is exact if 3PERK CH R s t x dp a Im

Remarky a dp da D de o

exact closed

Reina doD o Imd E Kerd

Definitions ZKCH.IR 4 dosed K forms E Dk
Bk Mik exact K forms ERK

Bk E Zk

Consider the quotient fttdY.IR ZklM'R
BkCM pf

quotient group de Rham cohomologyor quotientspace spaya

the Hdf H R is finite dimensional HARD
and only depends on the topology of M

Poincare lemma Any closed form is locally exact

If M is topologically a ball then HKDRCH.IR 0



De Rham theorem

HDR h K e H Half H Ch R
singsheaf

cohomology

Chapter 12 Integration and Stokes's theorem

Prerequisite Multiple integrals in Rn

Measure theory and Lebesgue integral i not needed

12.1 Preamble Integration of differential forms on IRm
Let U C Rm be an open set

For f E e CU R we can define Juf
Notation Ju fCan nm dan darn

flu dd x

Lebesgue measure

4 f needs to be integrable
For us we always restrict to easy situation

f has compact support in U Supp f el LaEUIfk
A compact
U



U has compact closure in Rm
and f extends continuously to du

Lef w be a differential form of top degree on u

w E Rm U R

w f data adam where f is a smooth function

CETU.IR basis of Amta Rm

A dime

Remark
At every point xEU
dana adam is an antisymmetric multilinear map
Rm x x Rm R

m copies

data adam Det

Definition The integral of w om U is

few floe data
u

Jaffar am dana adam Jflan am dxn dxm

Rein i Assume w is compactly supported

Supp w E U is compact



example w x y da n dy
U oil x o i E 1122

W E SE U R

Jj Ju ay dady

to Y dady

fo fo ay dady

f n da fo'yedy

Proposition Let F U C IRM V E Rm
be an orientation preserving diffeomorphism

for any we Rm V R


