
 

Manifolds Lecture 11 13

Last time Chapter 10 Tensor fields on manifolds

10.4 Pullback of covariant tensor fields

f M N smooth map

let A be a covariant tensor field on N
A E T f Tak TN A TN x x TN Rtp p p

Definition the pullbackof A by f is the covariant tensor field f A
definedby f A va uk A dfw df vid

FAA is a k covariant tensor field on M

Rene Try to define similarly the pushforward of contravarianttensor fields

Example w Ry dan dy t y 2 doeadz on N 1133

w is a 2 form on IRS i e an alternating 2 covariant tensorfield

f M N N RT
any CEI II

f w
X Y z

w XY DX a dy t YZ DX ndZ

f is givenby Katy
Y a y
2 y



DX d xty datdy
dy da dy
da dy

DX a dy dnt dy n dn dy
died already t dy n da dying
2 dandy

DX a DZ dntdy a dy already dyadyf
deadly

JAW mtg n y ednady t re g y dandy
EI y t my ya already
Za t y t my da ady

10 5 Lie derivative of covariant tensor fields
et M be a smooth manifold
let be a vector field on M

Definition Let A be a k covariant tensor field on M
A E T f Tak TM

The Lie derivativeof A w r t X is the k covarianttensorfield on 14
definedby L A Idf

o
HE A

well defined



Lx T Tok TM T T kfTM

Properties

i Lx extends the Lie derivative of functions
when K o Lx coincides with the Lie derivative of functions

If f Ee Chik Lif X f offCX

Cii L is R linear Moreover

Lf A f L lA

L FA f A t f Lx A Leibniz rule

Lx A B A B t A L B Leibniz rule

Lx A Xn Xk A xn Xk

T T t A Lxx sXkvectork covariant fieldstensorfield
A xn Lx Xt

Recall Lx Y IX YT
for vector fields



Chapter M Differential forms

n 1 Definition

Definition Let M be a smoothmanifold
A smooth differential form of degree k on it or a k form on M

is an alternating k covariant tensor field

them A k form is an element of 17 Ak T M
Notation RK M R T NTM

Rein At every pen 11k TIM is a vector space of dimension km

However Idk MiR is typically infinite dimensional if k Em
If k in DRC M R to

Reread In local coordinates xn nm on M any k form
canbe written

a I am ik doe admit
1 E ins iz einem

Exampled n k o O forms smooth functions

D M R Ea H R

k I R CH R M Il T M T TAM
1 form a field of correctors



examples One 1133

L my 2 3 doe 2 23 dy t forty dz

important example If f E E CH R df C R M.IR
e g On Rs f n y 2 Zoey4 t y 2 5

df 2g de t 8ay dy t z5dyt5yEo
df E 52 1123 R

K Z x x'g da a dz yz dy a da E SECR

x eat't coscay dandy E D IR
mm

determinant
on 1122

k 3

a fCary z doeady adz E r CR

4 0 E R's R2

n Basic operations Wedge product Interiorproduct Pullback

the wedge product defines an operation

52k MiR Rl M R Dhl H R

L p 1 a a pl

example M 1133

Wydra dz y 2 dy adz E R2 M R

p yz da t 23dy adz E 52 Milk



Lap oily dandz y 2 dyadz x yzdetz'sdy sede

sky dreadz aCyzdoe they dradz n dy
t keydie adz a C adz

f ya dy adz n yz da t C y z dy adz x dy
l Yz dyadz al adz

y da adz a yada beyllyz da adz n da

x2yZz da a dz adze
0

Properties

i The wedge product is EA Mik bilinear

ft xp f Gap x n te

ii the wedge product is associative

Lap ay d x pay
Ciii The wedge product is antisymmetric

X x X O

More generally if Ln an are linearly dependent
then Ln a a du

Kl
d a p 1 a L

P T
degreek degreeL



Proof Fix a point on M
Proof boils down to linear algebra

Definition The algebra of differential forms on M is

too
D M R to RK M R to ICM IR

K o k o

D Milk a is a noncommutative algebra
graded algebra

The interior product
et x E RK M R k I

let XE TCTM

the interior product of a with X is the k i form
denoted i xx or x defined by

ix x vs Uk i L X rn Uk 1

ix x x X

The interior product defines a map i Rk Ch R Stymie

example L da a dy dy a Dz

X Or

ind v x Ise v



ixx r Dandy Fair dy adzffz r

Ldn dy dy da fair dy dz dzxody fair
1

daffy dy r dy daw

dy dzCr dz dy v

dy v

i xdy_

Pullback

f M N

For any L E Rk N K f ha Erk CM IR

example Let M N x g E R2 n o

Two systems of local coordinates a polar coord r O

Cartesiancoord rig

Let a drady
How to write L in polar coordinates

x r cos 0
F r o 1 anyTransition function

y r since ran me



What is Fda

de d r coso dr coso t r C since do

dy d rsince dr since trcoso do

daddy coso dr rsino do n sinodr reoso do

Icosodrlacreosodo Lrsino do a sinodr

r cos'O dr a do r sin20 do adr

r cost drado t r since drado

rdr

11.3 The exterior derivative
So far we have seen TCM IR

derivative of a function f C e MiR is dfc RKM.IR
Lie derivative RK M R na RK M IR

L 1 Lx X

Now exterior derivative d Ik M R 52kt Milk

e Cain entity
Fix X f t XCf

Lx f
df X


