
 

Manifolds Lecture 10113

Chapter S Multilinear algebra

last time a Tensor product of vector spaces
Symmetric and alternating tensors

1Kl Va r Vx ML V x r x V R

k times

Sk Va E TMM consisting of symmetric multilinear maps
M VA E TkfVa alternating

example ai p E V Rene T Cra Silva Ak Va P

L p E T ra 5 VA x p x V IR
Ca y vs da y

do p E 5 VA x p h Ptzp d ca g Nutsg 1Ng
z

symm product

trap E N Va snaps a p pon x y to Natsly Hy
wedge product
exterior



9 4 Tensors in coordinates

Assume V has a chosen basis er em

1 Kil V fr r 5 ra ra T

K copies l copies
an element of 1 kill r is called a tensor ofmixed type Kil
or a k contravariant l covariant tensor a

In particular Tho r Tk r k contravariant tensors
Toil r Tl Va h covariant tensors

Sl VA E Toil r symmetric f covariant tensors
Al ra C Toil r alternating d covariant tensors

antisymmetric
skew symmetric

In coordinates
me

vectors V E V v Irie
i
m

covectors LET a Z di ein di ei
i i

A E Thd V

A I A ik
ein ein em eJed

jr je
Kin item
1k ja jeEm basisof TRL V



Ricci notation A A ik
ja je

Elements of Mk Va

A I din ie ein a reika
TE is iz L Liken

example 5 1123

x 1133 Rs R

Rsl Rz 23 CyrilYnys R y3 Myr 222 y3
223 YL

L E N CRY
Recall

L er A est 2 earned e5 nerd eines

example i Endomorphisms

f C End r LIV r Va r

f mixed tensor of type 4,1

f I ai't ein ejre item
Ej m T matrix coefficients

example bilinear maps f E ALL I Vxv R



f E TZ VA 2 covariant tensor

f I ay ein et
ki Em
n JEM

matrix coefficients

If f is symmetric dig aji

f I za
TE is j m

j ein eja

if f is antisymmetric aig aji

f I ay ein n ein
TE IL jem



Chapter 10 Tensor fields on manifolds

10 1 Tensor product of vector bundles

Recall A smooth vector bundle over a manifold M

is a manifold E equipped with a projection smoothsurjection
1T E s M s t

vectorspacefixed
A 4 EE I U V in advance called

it Ipa
typical fiber

2

U E M

example a trivial bundle E M T a sections

1 smoothmap in V

M

tangent bundle E TM sections
I vector field
M

Proposition

If tf
is a vectorbundle with typical fiber V

thenthere is a natural dual vectorbundle Eff with typicalfiber V

If YI and YI are vector bundles with typical fiber Vn and Vz

then there is a natural tensorproduct bundle E EZ withfiber rn R



Proof the fiber bundle is completely determined by

the Ui ies covering of M and the gig i Uinuj GL V

To construct EA a use the same covering hi ie I

take the dual maps gif UinUj GUV
Recall i f i r W linear map

f W r dual map defined by
transpose f t v _4 far

For E Ez exercise

example the dual bundle of TM is called the cotangent bundle

denoted 1 M

T M W Tpi MPEM P dual space to TPM

example Endomorphism bundle Read End V V

End TM T M TM

Definition Tensor bundles l copiesk copies

1 kid TM TM TM TM TCM TA M

bundle of k contravariant f covariant tensors on M



At every point PEM

Tpk
l CTM TPM i Tp M Tp M Tpd17

1 k TM Tho TM bundle of k contravariant tensors

1 l Tan Toil TM bundle of f covariant tensors
Sl TAM E Tlc TAM bundleof symmetric l covariant tens

Al Tl Tan alternating

Tall remaining chapters

10.2 Tensor fields

Defy A mixed tensor field of type Kl on M

is a smooth section of 1 kid TM

In other words it's a smooth map A M Tk't TM
s t A

Ip
E T kph TM

notation M

example A vector field is a smooth section of TM e T TM
i e A vector field is a n contravariant tensor field

i e it's a tensor field of type Caio XE TCTH

A smooth section of TAM To TM p TM
C

is a A covariant tensor field also called a 1 form



A smooth sectionof Sk Tam E 17
SHM

is called a symmetric k covariant tensor field

A smooth section of Ak TAM
is called an alternating k covariant tensor field
or a differential k form E T Ak T M

Famous examples
1,17 tensor field End TM

example almost complex structure J C End TM
J AP

identity
Riemannian metric

of E S T H

Symplectic form w e N TH 2 form

Riemann curvature tensor tensor field of type 1,3

Type 2,0 Ricci curvature tensor
Einstein tensor



10.3 Tensor fields in coordinates

Assume oh xm are local coordinates

foes fam basis of TM Cat every point

doe dam basis of TAM Cat every point

Any tensor field of type Ck d can be written

A I A kg je fan fan da dal
14 in i ik Em
1 Ej jeem

Remick the coefficients A kj je are smooth functions

on H E M

Any differential k form can be written

I din ik da n a daik
A E in k 4 ik Em



Remark 17 Tk't TM space of tensor fieldsi

of type Kil

is a real vector space
is a module

if A CPfk'll th and fe GCM.IR
f A E P TheCTM

Proposition A map PCTM x TCTM x xp TM EMM R

K copies
is eat R multilinear if and only if it is a tensor field


