
 

Manifolds Lecture 1113

Introduction

what are manifolds

Generalizations of curves and surfaces

curves 1 dim manifolds

I q
Surfaces 2 dim manifolds

Terminology

topological manifolds special kind of Topor space
differentialmanifolds differentiable manifolds smooth manifolds

we run
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History

Euler 1750A

Gauss 1820s

Riemann 185OS

Poincare l 89OS

Whitney 1930J

Motivation
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Chapter 1 Topological manifolds

1 1 Topological spaces

Lee's Smooth manifolds AppendixA

Definition let X be a set A topology on X is a collection of
subsets of X called opensets such that

1 0 and X are open
2 Any union of opensets is open
3 Any finite intersectionofopensets isopen

Definition X a topological is Hausdorff when

foe y C X x y F Uopen set 3 se U n V
7 V ay

Definition X is called second countable if it has a countable basis

of opensets

Definition f X Y is called continuous if the preimage
of any open set in X is an openset of X

J is a homeomorphism if f is continuous bijective and
f 1 is continuous



Quotientspaces

X topological space

equivalence relation

X spaceof equivalenceclasses T X X

defy U E X is ope iff IT U is open in X
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Groupaction G G X partition spaceoforbits
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1.2 Topological manifolds

Definition t A topologicalmanifold M is a topologicalspace
G Mild topological restrictions M is Hausdorff and second countable

z M is locally homeomorphic to R

theEM 7 Uta such that I homeomorphism 4 U s V C Rn
open open

Eta



Qualities Manifolds can be compact connected etc

closedmanifold compactmanifold no boundary

openmanifold noncompactmanifold noboundary

Exercise Prove that a connect manifold is path connected

sina.im

Theorem Invarianceofdomain f i U ER Rw

continuous and injective Then f is open

Corollary U C IR and T C Rm are homeorphic then m n

Proof Assume man f U s T homeomorphismn
Rm
ni
Rn

By the previous theorem f is open
So flu V is open is PT However IRM EIR has empty interior

so B cannotbeopen

Corollarge The dimensionof any nonemptymanifold is uniquely defined



Atlases

A homeomorphism 4 UEM VER is called a chart

k S
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T.IEoi.fTO Rn

The map to Yi is well defined on Kl Unn Un

Kofi 4 Unrwa Lk Unrwa is a homeomorphism
m n
TT Rn

is called a transition function I changeofcharts

A collection ofcharts Uil 9 i I that cover M M Ui

is called a topological atlas

1 3 Examples
manifold

IR is a topological ofdimension 1

Any finite dimensional vector space is a topo manifold
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S R is d Ydi

Sn E IR't is a top manifold of dimension n

Submanifolds i subset of a manifold which is a manifold

More generally if M is a manifold anembedded

submanifold of M is a manifold N equipped with

an embedding u N M

example Sn E Ratt


