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Complex variables Fall 2016

Test #2

Monday, November 14 2016
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Please write clearly and properly.
Always justify your answers!
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Problem 1 (∼5 points). Consider the function

f : C∗ → C

z 7→ 1
z
.

(1) What kind of function of f ? Say all the qualifiers that apply.

(2) Writing z in algebraic form as z = x + iy, express f (z) in algebraic form in terms of x
and y. Then prove that f is holomorphic using the Cauchy-Riemann equations.
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Problem 2 (∼4 points). Let n be a positive integer, and consider the polynomial Pn defined
by:

Pn(z) = 1 + z +
z2

2
+ · · · + zn

n!
(1) Find the roots of P1 and P2.

(2) Show that for any n, Pn cannot have a root of multiplicity > 1.
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Problem 3 (∼3 points). Let z be a complex number. Find a formula expressing sin(2z) in
terms of sin(z) and cos(z), and prove it.
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Problem 4 (∼3 points). Let Log: Ω→ C denote the principal branch of the complex loga-
rithm. Is it true that Log(z1 z2) = Log(z1) + Log(z2) for any complex numbers z1 and z2 in
Ω? Either prove that it is true or prove that it is false by providing a counter-example.
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Problem 5 (∼3 points). Do the following series of complex numbers converge? Explain
your answers carefully.

(1) ∑
k>0

eiπ/k

k2

(2) ∑
k>0

(1 + i)k

4 ei cos(k2)
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